We report on recent results showing that a rich non-perturbative vacuum structure is associated with flavor mixing in Quantum Field Theory. We treat explicitly the case of mixing among three generations of Dirac fermions. Exact oscillation formulas are presented exhibiting new features with respect to the usual ones. CP and T violation are also discussed.
Introduction
In recent years, there has been much progress in the understanding of flavor mixing in Quantum Field Theory (QFT). The original discovery of the unitary inequivalence of the mass and the flavor representations in QFT 1 , has prompted further investigations on fermion mixing 2, 3, 4, 5, 6, 7 as well as on boson mixing 8, 9, 10, 11 . It has emerged that the rich non-perturbative vacuum structure associated with field mixing, leads to phenomenologically relevant modification of the flavor oscillation formulas, exhibiting new features with respect to the usual quantum-mechanical ones 12 . In the following we discuss three flavor fermion mixing explicitly. A discussion of mixing of boson fields can be found in Ref. 10 .
Three flavor fermion mixing
Let us consider the following Lagrangian density, describing three free Dirac fields with a mixed mass term (in the following we will refer explicitly to neutrinos):
where Ψ T f = (ν e , ν µ , ν τ ) and M † = M . Among the various possible parameterizations of the three fields mixing matrix, we choose to work with the CKM matrix 13 : 
where
To generate the mixing matrix Eq.(2), we define 1 :
The free fields ν i can be quantized in the usual way 14 (we use t ≡ x 0 ):
with ω k,i = k 2 + m 2 i . The vacuum for the mass eigenstates is denoted by
The anticommutation relations are the usual ones; the wave function orthonormality and completeness relations are those of Ref.
1 . By use of G θ (t), the flavor fields can be expanded as:
with (σ, i) = (e, 1), (µ, 2), (τ, 3) and α
The crucial point 1 , is that the generator of the field mixing Eq. (2) does not annihilate the vacuum for the free fields. We are thus lead to define a new state, the flavor vacuum, in the following way:
The unitary inequivalence (in the infinite volume limit) of |0 m with |0(t) f has been rigorously proved for an arbitrary number of generations 5 . The explicit form of the above defined flavor annihilation operators (in the reference frame k = (0, 0, |k|)) is α r k,e (t) = c 12 c 13 α
with
where i, j = 1, 2, 3 and j > i. The above operators annihilate |0(t) f and satisfy canonical anticommutation relations (at equal times). Note that 
, which is indeed the total charge of the system (i.e. the total lepton number).
Consider now the SU (3) transformations acting on Ψ m :
with α j real constants, F j = λ j /2 and λ j being the Gell-Mann matrices. For m 1 = m 2 = m 3 , the Lagrangian is not generally invariant under (20) and we obtain, by use of the equations of motion,
The explicit form of the currents is:
, satisfy the SU (3) algebra at equal times: 
These are nothing but the Noether charges associated with the non-interacting fields ν 1 , ν 2 and ν 3 : in the absence of mixing, they are the flavor charges, separately conserved for each generation. The generator of the mixing transformations can be now written as:
Performing SU (3) transformations on the flavor triplet Ψ f gives a similar structure for the currents as before. The related charges Q f,j (t) ≡ d 3 x J 0 f,j (x) still close the SU (3) algebra. Due to the off-diagonal (mixing) terms in the mass matrix M , Q f,3 (t) and Q f,8 (t) are time-dependent. This implies an
The oscillation formulas for the flavor charges, on an initial electron neutrino state, then follow:
and similar ones, with ∆
These results are exact. The differences with respect to the usual formulas for neutrino oscillations are in the energy dependence of the amplitudes and in the additional oscillating terms. In the relativistic limit of Eq.(19), the traditional QM (Pontecorvo) formulas are recovered.
CP and T violation in QFT neutrino oscillations
The CP violation developed in neutrino oscillations is given in QM as:
where σ, ρ = e, µ, τ. The T violation can be obtained as:
with ∆ CP (t) = ∆ T (t) as a consequence of CPT invariance. The QFT analogue of Eq.(31) is
with σ ∆ eσ CP (t) = 0 since σ Q σ (t) = Q and ν e |Q|ν e = 1 , ν e |Q|ν e = −1. For the case of an initial electron neutrino state, we obtain 
We obtain ∆ 
Conclusions
We have discussed the mixing of (Dirac) fermionic fields in Quantum Field Theory for the case of three flavors. We have constructed the flavor Hilbert space and studied the currents and charges for mixed fields (neutrinos).
We have then derived the exact QFT oscillation formulas, a generalization of the usual QM Pontecorvo formulas. CP and T violation induced by neutrino oscillations have also been discussed.
